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We consider the model of the self-gravity driven spontaneous wavefunction reduction proposed by L. Dio´si,
R. Penrose et al. and based on a self-consistent system of the Schro¨dinger and Poisson equations. An
analogous system of coupled Dirac and Maxwell-like equations is proposed as a relativization. Regular
solutions to the latter form a discrete spectrum in which all the “active” gravitational masses are always
positive, and approximately equal to inertial masses and to the mass m of the quanta of Dirac field up to
the corrections of order α2 . Here α = (m/Mpl)
2 is the gravitational analogue of the fine structure constant
negligibly small for nucleons. In the limit α→ 0 the model reduces back to the nonrelativistic Schro¨dinger-
Newton one. The equivalence principle is fulfilled with an extremely high precision. The above solutions
correspond to various states of the same (free) particle rather than to different particles. These states possess
a negligibly small difference in characteristics but essentially differ in the widths of the wavefunctions. For
the ground state the latter is α times larger the Compton length, so that a nucleon cannot be sufficiently
localized to model the reduction process
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1 Wavefunction reduction and the Schro¨dinger-Newton model
In a number of works [1–3] it has been argued that the phenomenon of wavefunction reduction is an
objective process driven by the gravitational self-interaction between the parts of a (distributed) quantum
particle – the “lumps” of probability.
Such a reduction occurs from a superposition state of a free quantum particle to one of its basic “eigen-
states”. To ensure random outcomes of measurements and, in particular, the Bohr’s rule for probabilities,
a number of stochastic wavefunction collapse models has been suggested [4–6].
The “eugenstates”, in the nonrelativistic approximation, correspond to regular stationary solutions of
the self-consistent PDE system for coupled Schro¨dinger and Poisson equations,
− ~
2
2m
∆ψ + Uψ = Eψ, ∆U = 4πGm2|ψ|2 , (1)
G being the Newton’s gravitational constant.
The above Schro¨dinger-Newton model (hereafter the SN model) 3 is effectively nonlinear: the gravita-
tional self-energy U which defines ψ -function is itself determined by the probability distribution |ψ|2 .
Solutions to (1) can be found only numerically. In Refs. [10, 11], in the spherically symmetric case, it
was shown that the spectrum of everywhere regular and normalized “eigenstates” is discrete and can be
described by an integer n = N +1 = 1, 2, · · · related to the number of nodes N of the wavefunction ψ(r).
At great distances ψ decreases exponentially while U ≈ −m/r is asymptotically Newtonian.
1e-mail: vkassan@sci.pfu.edu.ru
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3Possible fundamental status and derivation of the SN equations were discussed in a large number of works (see, e.g.,
Refs. [7–9])
2For large n , the energy eigenvalues satisfy the hydrogen-like dependence
En = −E0/nγ , γ ≈ 2 , (2)
where, say, for a nucleon E0 is about 10
−76 of its rest energy.
However, the mass m in Eqs. (1) is an arbitrary external parameter, and, say, the gravitational field
in the SN model does not at all contribute to its value. To obtain the rest mass (or, better, a whole mass
spectrum) and spin, one can (as in the canonical QM) to replace Schro¨dinger’s equation by the Dirac one.
As to the relativistic counterpart of “Newtonian gravity”, the self-consistent Dirac-Einstein system
seems too complicated. As a first step, one can instead consider [12, 13] the so-called Maxwellian gravity.
We shall see below that the latter describes the structure and gravitational self-interaction of a quantum
particle in quite a remarkable way.
2 ‘Maxwellian gravity’ and self-consistent Dirac-Maxwell model
We come thus to a field system represented by the Lagrangian
L = − 1
16piF
2 + ~c
2
(iψ¯γµ∂µψ − i∂µψ¯γµψ)
+mc2ψ¯ψ + eAµψ¯γ
µψ ,
(3)
where F 2 := FµνF
µν , Fµν = ∂µAν − ∂νAµ is the Maxwell invariant, and e := m
√
G is the gravitational
charge – “active” mass of a particle. Remarkably, L is actually a classical gravitational analogue of the
operator equations of quantum electrodynamics.
And indeed, in the framework of classical spinor electrodynamics the above model, in which the coupling
constant e corresponds now to the elementary electric charge, has been repeatedly proposed [14–17] as a
unified field model for charged fermions.
However, in all of the above cited works the rest masses (energies) of the particlelike solutions take
negative values despite the positive definite contribution of the Maxwell term F 2 . Consequently, two
sufficiently separated like charges-solitons attract each other, and this is a principal difficulty of the Dirac-
Maxwell model for charged fermions. However, this becomes an advantage in the gravitational framework
of the Dirac-graviMaxwell model (3) (hereafter the DGM model).
3 Reduction of the Dirac-gravi-Maxwell to the Schro¨dinger-Newton
system and the equivalence principle
Let us make an appropriate scale transformation
xµ 7→ xµ/k, ψ 7→
√
k3/4πα ψ, Aµ 7→ (kG
√
m/α)Aµ, (4)
where k := mc/~ is the inverse Compton lemgth and α = (m/MP l)
2 = Gm2/~c is the gravitational ana-
logue of the fine structure constant. Then the DGM Lagrangian transforms to a completely dimensionless
form, for which the field equations read
iγµ(∂µ − iAµ)ψ + ψ = 0, Aµ = ψ¯γµψ,
(∂µA
µ = 0) .
(5)
The only dimensionless parameter enters only the normalization condition
1
4π
∫
ψ+ψ dV = α. (6)
3In the stationary case ∆Φ = ψ+ψ and, if condition (6) is satisfied, the gravitational charge (∼ active
mass) is always the same, equal in modulus to e = m
√
G . As to the (dimensional) rest energy W (∼
inertial mass) of the particle, in Refs. [15, 16] the following simple expression has been obtained:
W = −mc
2
α
∫
ψ¯ψ dV . (7)
The DGM system (3) does not possess spherically symmetric solutions [14, 18]. We restrict by the
following principal class of stationary axisymmetric solutions:
ψT = (κ, χ)e−iωt, Aµ = {Φ, ~A} , (8)
where for the 2-spinors and gravi-potentials one takes, respectively:
κT = a(r)(1 0), χT = ib(r)(cos θ, sin θ eiϕ) ,
Φ = Φ(r), Aϕ = Λ(r) sin θ, (Ar = Aθ = 0) .
(9)
Now, to make use of the small value of α , one transforms the field functions and radial coordinate as
follows:
a = α2(1− ω)3/2A, b = α3(1− ω)3/2B ,
Φ = α2(1− ω)φ, Λ = α3(1− ω)λ ,
r = ρ/α(1 − ω).
(10)
Neglecting then terms of order α2 in the equations for spinor functions (which correspond to gravi-
magnetic corrections) and for gravitational potential φ , one reduces the field equations to
A′ = −B, B′ + 2ρB = (E − φ)A ,
φ′′ + 2ρφ
′ = A2,
E := −(1 + ω)/α2(1− ω) < 0 ,
(11)
which, after substitution of B into the second Eq. (11), takes the form exactly equivalent to the non-
relativistic SN system (1) (in the spherically symmetric case)
A′′ + 2ρA
′ = (φ− E)A ,
φ′′ + 2ρφ
′ = A2,∫
A2ρ2dρ = 1.
(12)
As for gravimagnetic potential λ(ρ), it can be computed for an already obtained solution of (11) from the
equation
λ′′ +
2
ρ
λ′ − 2
ρ2
λ = 2AB. (13)
Thus, under the requirement of regularity and normalization of ψ -function, one again obtains a discrete
spectrum of eigenstates and eigenvalues of the binding energy E as in the nonrelativistic case. Now,
however, the exact expressions for the total rest energy W (inertial mass) and for the gravitational charge
(∼ active mass) Q in the dimensional form read
|W | = mc2 ∫ (A2 − α2B2)ρ2dρ ,
|Q| = m√G ∫ (A2 + α2B2)ρ2dρ . (14)
Since, say, for a nucleon the “gravitational fine structure constant” α = (m/MP l)
2 is negligibly small
(α2 ∼ 10−76) one concludes the coincidence of active gravitational and inertial masses with extremely high
precision, that is, the fulfillment of the equivalence principle for elementary particles. Moreover, in the
limit α→ 0, the rest energy and gravitational charge are proportional to the same normalization integral∫
A2ρ2dρ = 1, so that for any eigenstate one gets the same universal values,
|W | ≈ mc2, |Q| ≈ m
√
G, (15)
and the total angular momentum J = ~/2, Refs. [15, 16].
44 Conclusion. Position eigenstates and the reduction process
The effectively nonlinear DGM system (3) has been considered and used for description of fermions bound
by their own gravitational field. In the stationary axisymmetrical case, everywhere regular and normalized
solutions form discrete spectrum of “eigenstates” and corresponding “eigenvalues” – Noether charges.
In the nonrelativistic limit α → 0 the DGM system reduces to the SN system. However, a new class
of solutions has been found 4 (which correspond to the exchange κ ↔ χ in Eq. (9)), and gravimagnetic
corrections (of order α2 ) calculated.
For all the above solutions the active gravitational mass is proportional to the inertial one and equal
to the mass scale factor m in the Dirac equation. Thus, the equivalence principle holds up to (negligibly
small) corrections of order α2 . At far distances fermions attract each other ∼ 1/r2 . From (15), one also
concludes that different solutions do not correspond to different particles, rather to different “eigenstates”
of the same particle.
Note finally that in both the SN and DGM models minimal “spread” of the wavefunction is α =
(m/MP l)
2 ≡ Gm2/hc times larger the Compton length L = ~/mc . For the DGM model, this follows from
the successive scale transformations of coordinates given by (4) and (10). As for the nonlelativistic SN
system of equations (1), it is scale invariant by itself. However, together with the normalization condition,
it can be reduced to the proper dimensionless form (12) only via the uniquely defined transformation of
the form
r 7→ (~2/Gm3)r ≡ (L/α)r, U 7→ mc2α2U, ψ 7→ L−3/2ψ. (16)
Therefore, a nucleon cannot be essentially localized, and description of the reduction process itself is in
fact problematic in the framework of both the SN and DGM models.
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